Based on a new approach for measuring the comovements between stock market returns, we provide a nonparametric test for asymmetric comovements in the sense that stock market downturns will lead to stronger comovements than market upturns. The test is used to detect whether asymmetric comovements exist in international stock markets. We find the following empirical facts. First, asymmetric comovements exist between the United States (U.S.) stock market and the stock markets for Canada, France, Germany, and the United Kingdom (U.K.), but the data are unable to reject the null hypothesis of the symmetric comovements between the U.S. and Japanese stock markets. Second, either a larger negative drop or a positive increase in stock prices leads to stronger comovements of stock market returns, indicating that comovements in the data are different from comovements implied by a bivariate symmetric distribution, which implies that comovements tend to zero as the market returns become more positive or more negative.
Introduction
The study of the comovements between asset markets is a central issue in finance as it has important practical implications in asset allocation and risk management. Since the seminal work of Grubel (1968) on the benefits of international portfolio diversification (see also, Levy and Sarnat (1979) and Agmon (1972) ), this topic has received special attention in international finance. In fact, a growing body of literature has emerged more recently on studying comovements of international stock market returns (see, King et al. (1994) , Lin et al. (1994) , Longin and Solnik (2001) , Karolyi and Stulz (1996) , Forbes and Rigobon (2002) , Brooks and Del Negro (2006) , Okimoto (2008) , among others). In particular, many of these studies present empirical evidence suggesting an asymmetric pattern in comovements of international stock market returns, in the sense that stock returns show stronger comovements when they go down than when they go up.
All the empirical evidence mentioned above in favor of asymmetric comovements is based on the Pearson correlation coefficient as the measure of comovements. 1 It is well known that the validity of the Pearson correlation coefficient as the measure of comovements crucially depends on the assumptions that the relationship between two variables is linear and that the two variables are jointly normally distributed. However, a number of empirical studies have documented that a linear relationship based on the normal distribution assumption clearly fails to explain the stylized facts observed in data and that it is highly undesirable to perform various policy evaluations, risk management and financial forecasts (Granger (2002) , Rodriguez (2007) , and papers therein).
The necessity of searching for reliable measures of comovements has prompted researchers to use alternative approaches to measure comovements in international stock markets. For example, 1 Pearson correlation coefficient between two random variables x and y with expected values µ x and µ y and standard deviations σ x and σ y is defined as ρ x,y = E[(x−µ x )(y−µ y )] σ x σ y . 1 using Kendall's tau coefficient as a measure of comovements, Rodrigue (2007) studies financial contagion of international stock markets, and Manner (2010) tests for asymmetric comovements.
Even though Kendall's tau coefficient can capture nonlinear relationships that are not possible to measure with Pearson correlation coefficient, it depends on a basic assumption that the bivariate observations are mutually independent, which violates the visible stylized facts in empirical finance that the autocorrelation of stock returns exists at fixed intervals. Recently, many researchers have used a copula approach to model the behaviors of comovements in stock returns. The copula approach is a useful tool in modeling the possibly nonlinear comovements, but it cannot be used directly to test whether there exist asymmetric comovements in the data.
This paper proposes a new nonparametric approach to measure the comovements between two stock returns. The approach is based on the difference between the probability that the two returns simultaneously move up or down and the probability that they move up or down in opposite directions. Since the approach does not impose either a linear relationship or a restriction of the function form of the joint distribution of the two returns, it allows for maximal flexibility in fitting the data.
It also does not suffer from the heteroscedasticity associated with Pearson correlation (Forbes and Rigobon, 2002) . Given the nonparametric measure of comovements, we propose a nonparametric test for asymmetric comovements in the sense that market downturns lead to stronger comovements of stock returns than do market upturns. The test statistic is shown to follow an asymptotic chi-square distribution under the null hypothesis that the strength of the downside comovements is not significantly different from the strength of the upside comovements, where the downside comovements are defined as the comovements resulting from market turndowns, and similarly the upside comovements occur after market upturns.
Monte Carlo simulations show that our test performs rather well in finite samples. The test is applied to detect whether asymmetric comovements exist between the U.S. stock market and some main international stock markets. We find the following empirical facts. First, asymmetric comovements exist between the U.S. stock market and the stock markets of Canada, France, Germany, and U.K., but the test is unable to reject the null hypothesis of symmetric comovements of stock markets between U.S. and Japan. Second, either a larger negative drop or a positive increase in stock prices tends to lead to stronger comovements, which indicate that comovements in the data differ from comovements implied by a symmetric distribution suggesting that comovements tend to zero as returns become positive or negative larger.
The remainder of this paper is organized as follows. In section 2, we propose a new measure of the comovements between two stock market returns. Based on the measure of comovements,
we propose a nonparametric test for asymmetric comovements of stock market returns. The size and power performances of the test are examined by Monte Carlo study in section 3. In section 4, the test is applied to investigate whether asymmetric comovements exist between the U.S. stock market and main international stock markets. Section 5 offers some conclusions. The proofs are provided in the Appendix.
A Nonparametric Test for Asymmetric Comovements
In this section, we propose a nonparametric approach to measure comovements between two stock market returns. Based on this approach, a nonparametric test is then proposed to detect if market turndowns lead to stronger comovements than market upturns.
have a linear relationship between R 1 t and R 2 t . For example, let x t be a real time series,
and R 2 t = x 4 t , then cm(R 1 , R 2 ) = 1, but it is obvious that the relationship between R 1 t and R 2 t is a nonlinear relationship.
Given the nonparametric measure of comovements, we measure the downside comovements, which are defined as comovements resulting from market turndowns, as follows,
where c is a nonnegative constant. Similarly, the upside comovements, which occur after market upturns, are measured by,
cm − (c) measures the possibilities that the two returns R 1 t+1 and R 2 t+1 move up or down together at time t + 1 after stock market downturns at time t, while cm + (c) measures the possibility that R 1 t+1 and R 2 t+1 move in the same directions at time t + 1 after stock market upturns at time t. The following theorem 1 gives the closed solutions for cm − (c) and cm + (c).
Theorem 1 Let R 1 t and R 2 t be two stationary processes with joint probability and distribution functions f (x, y) and F(x, y), respectively, with margin distribution functions H(x)(of R 1 t ) and G(x) (of R 2 t ). Then we have,
Proof: see the Appendix.
Given the measures of the downside and upside comovements, we are interested in testing whether the strength of the downside comovements is not significantly different from the strength of the upside comovements. Thus, the null hypothesis is,
If the null hypothesis is rejected, asymmetric comovements must exist. The alternative hypothesis is, 
must be equal to zero.
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To construct a feasible test statistic, we need to estimate both cm − (c i ) and cm
be a set of sample with size T. For a given c i ,
and
From (9), (12) , and (13), we obtain the estimator of cm + − cm − ,
It can be proven (see Appendix) that under null hypothesis and regular conditions,
where Ω is a positive definite variance-covariance matrix. Ω can consistently be estimated by the following almost surely positive definite matrix,
whereδ l is an m × m matrix with (i, j) − th element,
k(·) is a kernel function that assigns a suitable weight to each lag of order l, and p is the smoothing parameter or lag truncation order.
With (14) and (15), we are ready to define the test statistic for testing the null hypothesis of symmetric comovements as,
The following theorem provides the asymptotic null distribution of the test statistic.
Theorem 2 Suppose Assumptions A.1-A.4 hold and p = p(n) → ∞, p/n → 0 as n → ∞. Under the null hypothesis, we have,
where χ 2 m is a chi-square distribution with degrees of freedom m.
Theorem 2 indicates that our test statistic has an asymptotic chi-square distribution with degrees of freedom m. Consequently, the critical values for our test are available, making its applications easy to carry out. Since the test statistic does not rely on the assumption that the data are drawn from a given model, it is a model free test, which can directly be used to test whether the asymmetric comovements exist in data.
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The asymptotic bias of kernel estimators depends on the smoothness of the kernel at zero and on the smoothness of the spectral density matrix f (λ) of {δ l } at zero, where δ l is an m × m matrix
following Andrews (1991), we define
The smoother the kernel is at zero, the larger is the value of q for which k q is finite. Andrews (1991) defines the optimal smoothing parameters {p * n } as follows,
where α(q) is a function of the unknown spectral density matrix f (λ) (equation 5.2 in Andrews, 1991).
Finite Sample Performance
In this section, we use Monte Carlo simulations to examine the finite-sample performance of the test. The data are generated from two AR(1)-GARCH(1, 1) models,
By using different specifications of the copula function C(F ε 1 (22) and (23) can come up with different data-generating processes. A normal copula is C nor (u, v, ρ) =
, where Φ ρ is the standard bivariate distribution function with correlation ρ.
A bivariate Clayton copula is C clay (u, v, τ) = (u −τ + v −τ − 1) −1/τ , where parameter τ > 0. From equations (4) and (5) in theorem 1, we know that a normal copula generates symmetric comovements, while a bivariate Clayton copula produces asymmetric comovements. The first copula used to generate data is the mixture copula that combines a normal copula with a Clayton copula,
where k is the mixture parameter, which determines the strength of asymmetric comovements in the data generated from the mixture copula. The lower k is, the more the mixture copula generates asymmetries in the data. The second copula is the Generalized Joe-Clayton (GJC) copula, which is proposed by Patton (2006) and is specified as follows,
where C JC is the Joe-Clayton copula, which is given by,
where
The GJC copula has two tail comovement parameters, τ u and τ l . It can produce symmetric comovements when τ u = τ l , while it generates asymmetric comovements if τ u = τ l . The larger the distance |τ u − τ l | is, the more the GJC produces asymmetries in the data. Given the relationship between the distribution function and its copula function, we generate data by following the way in Okimoto (2008) . In this simulation, we choose four sets of exceedance levels: c 1 = 0; (c 1 , c 2 ) = (0, 0.5); (c 1 , c 2 , c 3 ) =
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(0, 0.5, 1); (c 1 , c 2 , c 3 , c 4 ) = (0, 0.5, 1, 1.5). The Bartlett kernel, k(z) = (1 − |z|)I(|z| < 1), is used to estimate the variance-covariance matrix, and the soothing parameter p is determined by the data with the procedure in Andrew (1991). Table 1 reports the estimated size and power of our test. The second column of table 1 reports the estimated sizes when the symmetric comovements are generated from either the mixture copula (k = 0) or the GJC copula (τ u = τ l = 0.1), which indicates that our test has satisfactory size performance at all four sets of exceedance levels for sample size as small as 250. Columns 3-5 of table 1 report the estimated power of our test when the null hypothesis is that asymmetric comovements do not exist but in fact the data are generated from the mixture copula (k = 0) or the GJC copula
When the data are generated from the mixture copula, the test's power always increases rapidly with respect to the decrease in k, which indicates that our test becomes more powerful when the data are more asymmetric. For example, for T = 1000 and (c 1 , c 2 , c 3 , c 4 ) = (0, 0.5, 1, 1.5), the power increases to 96.6% when k decreases to 0.25. When the data are generated from the GJC copula, our test power increases with respect to the increase in the distance |τ u − τ l |, which indicates that more asymmetric the data, more powerful the test is. Overall, the results of our Monte
Carlo simulation indicate that our test has satisfactory size performance, and good power in detecting asymmetric comovements implied by the data considered.
Do Asymmetric Comovements Exist in International Stock Markets?
We apply our test to examine whether market downturns will lead to stronger comovements than market upturns between the U.S. stock market and the stock markets of Canada, France, German, Japan, and U.K.. Descriptive statistics on these time series are presented in Table 2 . France and the U.K. markets exhibit positive skewness, while the stock markets of Canada, Germany, Japan, and U.S.
exhibit negative skewness, which indicates that the distributions of these individual stock returns display asymmetries. 2 The Jarque-Bera statistics strongly reject normality. The results of a formal augmented Dickey-Fuller non-stationary test suggest that the null hypothesis of non-stationary is rejected at the 5 % significance level. Since the test is known to have low power, which is the probability of rejecting the null hypothesis when it is not true, even a slight rejection means that stationary of the series is very likely.
We examine the comovements of the U.S. stock market with the other five stock markets separately. Hence, we have five country pairs: U.S. and Canada, U.S. and Frence, U.S. and Germany, U.S. and U.K., and U.S. and Japan. We calculate the test statistic T cm by setting the exceedance levels C = [0, 0.5, 1, 1.5]. In the empirical work, we use the Bartlett kernel, and the smoothing parameter is determined by the data with the procedure in Andrews (1991) . Table 3 provides the results for testing symmetric comovements at a 5% significant level for the five country pairs. We find statistically significant evidence of the asymmetric comovements between the U.S. stock market and the stock markets of Canada, Frence, Germany, and U.K., but the data cannot reject the null hypothesis of symmetric comovements between the U.S. and Japanese stock markets.
To get a visual impression of asymmetric comovements, in figures 1-5 we plot the estimations of the probabilities of downside and upside comovements for the five country pairs. The figures for U.S. and Canada, U.S. and Frence, U.S. and Germany, and U.S. and U.K., provide clear pictorial representations of the asymmetric comovements. There are two main features of the plots. First, there is a sharp break evident at c = 0, where the conditional event changes from (R 1 t < 0, R 2 t < 0)
to (R 1 t > 0, R 2 t > 0), which suggests that negative returns will lead to stronger comovements than positive returns. Obviously, we observe that far from being symmetric, the downside comovements ( for negative levels) are always greater than the upside comovements ( for positive levels ).
Second, instead of tapering off to zero, as in the case of a bivariate normal distribution, the downside comovements tend to increase as returns become more negative. Unlike the empirical results obtained by Longin and Solnic (2001) , our empirical results indicate that instead of decreasing to zero, the upside comovements tend to increase as returns become more positive. The comovements in the data differ from the comovements generated by a bivariate symmetric distribution, such as a bivariate normal distribution, which predicts symmetric comovements and both upside and downside comovements decrease to zero. Figure 4 shows that downside comovements are not always higher than their respective upside comovements, graphically suggesting that we cannot reject the null hypothesis of symmetric comovements of stock returns between the U.S and Japanese stock markets, which is in line with the result in table 3.
Conclusion
In this paper, we propose a new approach to measure comovements between two stock returns.
The measure of comovements reflects the direction of the movement between the two returns and allows for the nonlinear relationship between the two returns. Based on the measure of comovements, we develop a nonparametric test to detect whether asymmetric comovements exist in the sense that stock market downturns will lead to stronger comovements than market upturns. Monte
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Carlo simulations show that our test has satisfactory size performance and good power in detecting asymmetric comovements in the data considered.
Applying the test to international stock markets, we find the following empirical facts: first, asymmetric comovements exist between the U.S. stock market and the stock markets of Canada, France, Germany, and U.K., but the test is unable to reject the null hypothesis of symmetric comovements of stock markets between U.S. and Japan. Second, unlike the empirical results from
Longin and Solnic (2001), our empirical results indicate that the upside comovements and the downside comovements tend to increase as returns become more positive and more negative, respectively, which indicates that the comovements in the data are different from the comovements implied by a bivariate symmetric distribution, which suggests that comovements tend to zero when returns become more positive or more negative. The empirical results prompt us to use more flexible models to model the comovements of international stock markets. 
The results are based on 1000 simulations drawn from the mixture copula and Generalized Joe-Clayton copula, which are used to generate (ε 1 t , ε 2 t ). H 0 : cm + (c) = cm − (c) for all c ≥ 0, H a : cm + (c) = cm − (c), for some c ≥ 0. 15 Under the null of normality, the Jarque-Bera test statistic follows a chi-squared distribution with two degrees of freedom. 
Proof of Theorem 2:
We first use the Cramer-Wold device to show that 
